We consider General Relativity with matter and radiation, one of these fluids being coupled to vacuum. We find that Universe dynamics starts by an inflation phase if the coupled fluid has a negative energy density at early time. Then, there is always a finite scale factor singularity but when vacuum and matter are coupled and matter density behaves like a negative radiation density. Moreover, the convergence to the ΛCDM model is clearly easier to reach when vacuum is coupled to matter rather than to radiation. Two classes of theories are studied to illustrate these results.
I. INTRODUCTION
Universe expansion is presently accelerating as shown by observations like supernovae surveys [1, 2] , baryon acoustic oscillations [3] or CMB [4] . This acceleration took place some few billions years ago and could be due to a dark energy. Before this time, expansion was decelerated, at least to the nucleosynthesis time. This Universe dynamics is well described by the ΛCDM model which is the simplest type of dark energy. However, another period of expansion acceleration, named inflation, is also generally assumed at very early time to solve the horizon, flatness and monopole problems [5, 10, 11] . Although other paradigms have been suggested to solve them, such as a torsion of spacetime [28] , string gas cosmology [12] or matter bounce [13] , inflation is in very good agreement with the most recent measurements of the CMB [29] . It is thus one of the most appealing candidate to describe the very early Universe. Since the ΛCDM model cannot reproduce two periods of accelerated expansion, one at early time and the other at late time, it is necessary to go beyond it to find some cosmological models describing the full Universe dynamic from early time inflation to late time acceleration [30, 31] . One way to get such a scenario is to assume a coupling between vacuum energy [8, 9] and some fluids, leading to a decaying vacuum energy [6] . This is what is done in [31] where a vacuum energy density is modelised as a power series of the Hubble function and coupled to both radiation and matter. It allows to get a complete cosmological scenario with a spacetime emerging from an initial de Sitter stage and subsequently evolving into the radiation, matter and dark energy dominated epochs. The idea to consider a coupling between dark energy or inflation fields, generally modeled by some scalar fields * steph.fay@gmail.com or some perfect fluid equations of state [43] , with matter or radiation is not new [16] . It can be in agreement with observations [14, 15] and it allows to solve important cosmological problems. Hence, the coupling of dark energy with dark matter is used to alleviate the coincidence problem, i.e. the fact that the energy densities of these two fluids have the same amplitude today [17] [18] [19] [20] . As in absence of coupling, it also allows to alleviate the cosmological constant problem [7] when dark energy density decreased with time. From the quantum viewpoint of particle physics, it is natural that the inflaton field interacts with other fields. For instance couplings of the inflaton with scalar and spinor fields naturally arise in gauge theories with spontaneously broken symmetry [21] . Concerning the coupling of inflaton to fluids like matter or radiation, it is able to lead to a graceful exit from inflation with particles production. Among others, this is the case in the warm inflation scenario [22] where the inflaton decayed into radiation. Indeed, particles production during inflation can even be traced back to a pre-inflation paper by L.Z. Fang [23] showing that dissipative process near the Higgs phase transition could allow to produce cosmic entropy. Although it is now believed that the Higgs field is not the inflaton, the idea of an inflaton dacaying into particles to end the inflation epoch and enter into radiation era is an active field of research since many decades [24] [25] [26] . In the present paper, we consider a decaying vacuum energy as in [31] but coupled only to matter or radiation and without specifying any quantity such as the Hubble function. We assume an expanding Universe and a positive coupling function between vacuum and one of the two fluids. We use dynamical system method [27] to determine the properties of matter, radiation and dark energy necessary to lead Universe from an inflation epoch to a ΛCDM one. We find that when vacuum is coupled to matter (radiation), the matter (respectively radiation) energy density has to be negative at early time to allow an inflation epoch. Moreover the singularity is always a finite scale factor singularity but when matter is coupled to vacuum and its energy density behaves like this of radiation with a negative sign. When vacuum is coupled to radiation, it is difficult to reach a ΛCDM epoch early in Universe history. However, this is far more easier when vacuum is coupled to matter. Then, the convergence to the ΛCDM model is possible as soon as the nucleosynthesis epoch and even before. We illustrate these results with two simple forms of coupling functions. The plan of the paper is as follows. In section II we consider the coupling of vacuum with radiation. In section III we consider the coupling of vacuum with matter. We discuss about these results and conclude in section IV.
II. VACUUM ENERGY COUPLED TO RADIATION
We consider a positive coupling between vacuum and radiation such as vacuum is cast into radiation.
A. Field equation
When vacuum is coupled to radiation, the field equations write
ρ m , ρ r and ρ d are respectively the densities of matter, radiation and vacuum. A dot means a derivative with respect to proper time t. We consider a vacuum dark energy defined by w = −1 and assume that Q > 0. This implies that the vacuum energy is cast into radiation. We define the following dimensionless variables
The values of y 1 , y 2 and y 3 today are respectively the present values of the density parameters for matter Ω m0 , radiation Ω r0 and dark energy Ω d0 . The field equations rewrite
with the constraint 1 = y 1 + y 2 + y 3 . A prime means a derivative with respect to N = ln a with a the scale factor of the FLRW metric. We assume that Universe is expanding, i.e. H > 0. Then q > 0 since Q > 0 and a increases with time. N is thus a time variable. Moreover, q, y 1 and y 2 are, at least formally, some functions of the redshift z. It follows that q = q(z) = q(y 1 , y 2 ). Hence the dynamical system (9-10) is autonomous. However, the variables y i are not normalised. y 1 is always positive since ρ m = ρ m0 (1 + z) 3 and the energy density of matter today, ρ m0 , is positive. But y 2 and/or y 3 can be negative if the radiation and/or vacuum energy densities are negative (see section IV for a discussion about negative energy density).
In the following, we use the tools of phase space analysis to study the properties of the above defined theory. Our goal is not to make a full dynamical analysis of the above system. It is to find the conditions that allow it to reproduce the full dynamics of our Universe from early time inflation to late time ΛCDM acceleration.
B. Equilibrium points for finite values of y1 and y2
We first examine what are the equilibrium points of this system when the y i are finite. There could be some equilibrium points for diverging values of y 1 and y 2 . However, we will not need to look for them to find how the system can describe an inflation period, following by a ΛCDM behaviour. The equilibrium points for finite values of y 1 and y 2 are defined by
• the set of points P such that (y 1 , y 2 ) = (
• the set of points P ± such that (y 1 , y 2 ) = (0,
These sets of equilibrium points do not always exist. For instance, P ± points are complex when q(0, y 2 ) > 1. When q = 0, we recover the ΛCDM model with its equilibrium points: a source in (y 1 , y 2 ) = (0, 1) (radiation domination), a saddle in (1, 0) (matter domination) and a sink in (0, 0) (vacuum domination). The phase space (y 1 , y 2 ) for the ΛCDM model is plotted on figure 1 . The dashed trajectory represents Universe as we observe it, i.e defined by the density parameters today for matter and radiation, Ω m0 = 0.27 and Ω r0 = 8.27 × 10 −5 . On this trajectory, there are three important events E 0 , E 1 and E 2 . They correspond respectively to Universe today (z = 0), at the CMB (z = 1080) and nucleosynthesis (z = 4.25 × 10 8 ) epochs. Figure 1 also offers a nice geometrical illustration of the coincidence problem from dynamical system viewpoint. The coincidence problem [32] consists in the fact that at our present time, whereas y 2 is very small, y 1 is of the same order as y 3 . This selects, as our Universe history, the dashed trajectory of figure 1 that follows so closely (coincidentally) the limit of the triangular domain where both ρ r and ρ d are positive. In the rest of the paper we are going to consider that q = 0. 
C. Conditions for an early accelerated expansion
The ΛCDM model does not contain any inflation epoch. All its trajectories start with a decelerated expansion in (y 1 , y 2 ) = (0, 1) during which Universe is radiation dominated. Things can be different when q = 0. Let us show it by looking for the points (y 1 , y 2 ) describing an early accelerated expansion. They are such that
This equation implies that the only set of equilibrium points with finite values of (y 1 , y 2 ) in agreement with an accelerated expansion is the set P − . But can some points of this set be sources? Indeed, P − points are real if 0 ≤ q ≤ 1. It follows that for a point of P − , 0 ≤ y 2 ≤ 1/2, and since y 1 ≥ 0, y
Hence, any trajectory starting from a point of P − where y 1 = 0 is such that y ′ 1 < 0 and thus such that y 1 < 0 in the neighbourhood of this point, contradicting the inequality y 1 ≥ 0. There is thus no source point in the P − set describing an accelerated expansion with finite values of y 1 and y 2 . Consequently, if Universe starts by an inflation epoch, it occurs for some diverging values of y 1 and/or y 2 . Equation (11) indicates that, at least, y 2 should diverge negatively since y 1 > 0. A negative radiation energy density is thus necessary to trigger inflation.
D. Finite scale factor singularity
In appendix A, we show that a singularity in agreement with an early time inflation always starts at a finite value N s of N and never in N → −∞. Let us summarise this proof. We begin to assume that Universe starts in N → −∞. Then the possible early time behaviours of y 1 and ρ m /ρ r in agreement with inflation are such that H 2 << ρ m <<| ρ r |. However, if we examine the possible behaviours of ρ r in N → −∞, we find that they disagree with the previous inequalities. We thus conclude that an early time inflation implies a finite scale factor singularity in N = N s . In the next subsection, we present a class of theories describing a Universe that begins by an accelerated expansion and tends at late time to the ΛCDM model. We consider the class of theories defined by
We want that this form of coupling leads to a Universe that starts by an inflation phase and tends to a ΛCDM model. This last requirement means that at late time q(0, 0) → 0 and thus m > 0 and n > 0. The larger m and n, the faster the model converges to the late time equilibrium point (y 1 , y 2 ) = (0, 0) and approaches the ΛCDM model. Moreover, since at early time we must have y 2 < 0 to trigger inflation, n have to be an integer such that q be real. Considering these properties for m and n, we perform some numerical simulations for various values of these parameters. They lead us to consider the early time inequalities y 1 << y 2 and y m 1 << y n 2 for which we get the asymptotical behaviours
α > 0 and β > 0 are some integration constants. Other inequalities between y 1 and y 2 always lead to some decelerated expansion or inconsistencies. For instance, if we consider y 1 << y 2 and y m 1 >> y n 2 , the field equations imply that y 2 is finite at early times and there is thus no inflation. The above asymptotical behaviours for y 1 and y 2 show that when n is an integer larger than 1 (which is necessary if one wishes to converge quickly to the ΛCDM model), y 2 diverges in N = −αq
and the Hubble function H(N s ) = ρ m (N s )/y 1 (N s ) are some non vanishing constants while the densities
Since we choose q(y 1 (N s ), −∞) > 0, it implies that when q 1 > 0 (q 1 < 0), n has to be an even (respectively an odd) integer.
A numerical example of the above results is plotted on figure 2 when q = 0.01y physically on this trajectory. Universe starts by a finite scale factor singularity (see first graph on figure 3) in N = −4.68. The radiation energy density is then diverging and negative (y 2 < 0), ρ m << ρ r , whereas vacuum energy density is diverging and positive (y 3 > 0). Universe expansion accelerates: we are in the inflationary era. Because of the positive coupling q > 0, vacuum decays into radiation. Consequently, the absolute values of their densities become smaller: ρ d > 0 decreases and ρ r < 0 increases. When matter dominates sufficiently (i.e. with respect to equation (11)), the expansion naturally decelerates. When both the radiation and vacuum energy densities become negligible, q is small and Universe begins to approach the ΛCDM model (well after the ΛCDM CMB epoch in E 1 when y 2 is positive and not negligible). The vacuum energy has not completely decayed and now stays nearly constant (see second graph on figure 3) thanks to the smallness of q. As usual for the ΛCDM model, both matter and radiation densities decrease until vacuum dominates anew and triggers a second acceleration of the expansion. To realise this scenario, numerical simulations show that q 0 have not to be too small (q 0 > 10 −4 ) otherwise energy exchange between vacuum and radiation near the matter dominated era is not sufficient to allow the radiation density to become positive at present time (or from a dynamical system viewpoint, the ΛCDM trajectory in the phase space is approached from below with y 2 < 0 well after y 1 < 1). Moreover, the largest q 0 , the largest should be m to allow a quick convergence to the ΛCDM model at late time, in particular when y 1 < 1.
Although this scenario reproduces two accelerated epochs for the expansion, it is obviously not in agreement with observations. It joins the ΛCDM model only at the matter epoch and we have to consider negative energy density as soon as a redshift z ∝ 1. Moreover, the singularity occurs around z = 106 ! This does not prove that we cannot find a function q able to reproduce observations. However, it is likely that such a function should be more elaborate than the simple model of this section. For instance, it should allow to cross the line y 2 = 0 far from the matter dominated point, i.e. with y 1 > 1 to avoid that the trajectory be immediately attracted by the De Sitter attractor in (y 1 , y 2 ) = (0, 0). Vacuum energy density would thus be negative before the trajectory potentially turn back to join the ΛCDM trajectory, at least in E 1 .
This difficulty to reach the ΛCDM model early in the Universe evolution mainly comes from the fact that inflation implies y 2 < 0. Indeed, if we look at the phase space on figure 2, we remark that reaching the nucleosynthesis point E 2 of the ΛCDM model would be more natural if Universe could start its evolution on the left of the line y 2 = 0, i.e. with y 1 < 0. Such
III. VACUUM ENERGY COUPLED TO MATTER
We now consider a coupling between vacuum and matter such as vacuum is cast into matter.
A. Field equation
When dark energy is coupled to matter, the field equations write
ρ r + 4Hρ r = 0 (14)
We still consider a vacuum energy with w = −1 and Q > 0. Note that in [41] , this last inequality is required for respect of the second law of thermodynamics. Using the same variables as in section II, we get
with the constraint y 1 + y 2 + y 3 = 1. y 1 and y 3 can be negative but not y 2 since now ρ r = ρ r0 (1 + z) 4 > 0 with ρ r0 the positive radiation energy density today. We still assume an expanding Universe with H > 0.
B. Equilibrium points for finite values of y1 and y2
and accelerated expansion
The sets of equilibrium points for finite values of y 1 and y 2 are defined by
• the set P such that (y 1 , y 2 ) = (−q(y 1 , y 2 ), 1 4 (4 + 3q(y 1 , y 2 )))
• the set P ± such that (y 1 , y 2 ) = (
The condition for an accelerated expansion is still given by equation (11) . It follows that only the P ± points could correspond to an accelerated expansion if respectively 
of P − is such that y ′ 2 < 0 and thus such that y 2 < 0 in the neighbourhood of this point, contradicting the inequality y 2 ≥ 0. Hence, there is no source point in P − describing an accelerated expansion. In the same way, for the set of points P + , we have 1/2 ≤ y 1 ≤ 1 and thus y ′ 2 < 0. So, here also, the set P + cannot contain any source point without contradicting the fact that y 2 ≥ 0. Hence, no equilibrium point with finite values of y 1 and y 2 can be the source of an accelerated expansion. Such a behaviour thus takes place for a divergent and negative value of y 1 (a positive and divergent value of y 1 with y 2 > 0 is not in agreement with an accelerated expansion as shown by equation (11)). This implies that a negative energy density for matter is necessary to trigger inflation. If one looks at the phase space of the ΛCDM model on figure 1 , it means that we can have some trajectories describing an early time inflation and coming from the left side of the ΛCDM E 2 point. They could thus converge easily to the ΛCDM trajectory as soon as the nucleosynthesis epoch. We illustrate these results in subsection III D.
C. Finite scale factor singularity
A singularity in agreement with an early time inflation takes place at a finite value of N = N s but in N → −∞ when ρ m → −4/3ρ r < 0. The proof of this statement is given in appendix B. We summarise it in this subsection. In this proof, we start by studying the possible asymptotical behaviours of y 2 in N → −∞ during an inflation period. We conclude that y 2 must tend to +∞ and thus H 2 << ρ r . Then, we examined the quantity ρ r /ρ m . We show that when it tends to −3/4, an inflation period can take place in N → −∞. Otherwise, it has to tend to 0 + , implying that inflation could also occur in N → −∞ if H 2 << ρ r <<| ρ m |. But examining the possible behaviours of ρ m in agreement with an inflation epoch in N → −∞, we show that none of them is compatible with the previous inequalities. We thus conclude that an early time inflation implies a finite scale factor singularity in N = N s but when ρ m → −4/3ρ r . When the singularity arises in N = N s , ρ r is finite whereas ρ m and ρ d can diverge.
In the next subsection, we present a class of theories describing a Universe that begins by an accelerated expansion and then joins the ΛCDM model at early time.
D. A coupling function of the form q = q1y n 2
We consider the coupling function
We want that such a coupling allows an inflation period at early time and a fast convergence to the ΛCDM model. These properties imply some constraints on q 1 and n. Since y 2 > 0 and q > 0, q 1 > 0. We also have n > 0 such that q → 0 when y 2 → 0 near the de Sitter attractor of the ΛCDM model. For an early time approach of the ΛCDM model, q should be small in the neighbourhood of the radiation source point (y 1 , y 2 ) = (0, 1) of this last model. This will always be the case for large values of n since as soon as y 2 becomes smaller than 1, q is small if n is large. It follows that we can have large values of q 1 if we have large values of n. However, q 1 and n should not be too small together, otherwise vacuum would not exchange enough energy with matter before the coupling q becomes small and consequently matter density would always stay negative. A numerical example with the above properties is given by q = 0.07y 
with α an integration constant. Hence for n > 2, y 1 ∝ − y n 2 at early times and considering equation (17) , it comes
with β an integration constant. A finite scale factor singularity occurs in
< 0. Then, inflation starts with y 2 → ∞ and y 1 → −∞, in agreement with the results of subsection III B for this last quantity. We also have ρ r (N s ) → e −4Ns , H(N s ) = 0 (since Let us explain what happens physically. Universe starts by a finite scale factor singularity. Vacuum and matter densities diverge but not the radiation density that is a constant (see first graph on figure 5 ). We have then y 1 → −∞ with y 1 >> y 2 and y 3 → +∞. Universe expansion is thus accelerated as shown by equation (11) . Vacuum and matter dominate Universe content. But vacuum exchanges its energy with matter and both of them become (in absolute value) smaller when time increases: ρ d > 0 decreases and ρ m < 0 increases. When these densities are small enough, radiation dominates and Universe expansion begins to decelerate. q becomes smaller and smaller as y 2 decreases and we approach a ΛCDM model. Vacuum has not completely decayed and its energy density is now constant (see second graph on figure 5 ). At late time, it dominates Universe dynamics anew and a second pahse of accelerated expansion begins. A fundamental difference with respect to the case for which vacuum is coupled to radiation is that now, a trajectory of the phase space (y 1 , y 2 ) can join from the left (y 1 < 0) the trajectory of the ΛCDM model as soon as the early radiation epoch (i.e. the neighbourhood of the ΛCDM source point (y 1 , y 2 ) = (0, 1)). However, as shown on figure 4 , there are some differences with the ΛCDM model. Although the trajectories of the coupled and ΛCDM models are very similar between the points (y 1 , y 2 ) = (0, 1) and (0, 0) (the sink point corresponding to a De Sitter Universe), their time parameters are different. More specifically, for a point (y 1 , y 2 ) of the ΛCDM trajectory corresponding to a redshift z 1 , the same point of the coupled model corresponds to a redshift z 2 < z1. Hence, if one considers that the CMB redshift is z = 1080, then the CMB epoch occurs for a ratio y 2 /y 1 = ρ r /ρ m slightly larger in the coupled model than in the ΛCDM model. Or if we consider that the CMB epochs should occur for the same ratio y 2 /y 1 = ρ r /ρ m in both models, then the CMB epoch occurs at a redshift slightly smaller in the coupled model than in the ΛCDM model. These differences should be observable on the CMB [38] or during nucleosynthesis time.
Note also that when taking q = 0.07y and Ω d /Ω r (z = 4.25 × 10 8 ) = 0.042. These last values are respectively in agreement with Planck data [29] and big-bang nucleosynthesis [42] .
IV. DISCUSSION
In this paper we consider General Relativity with matter, radiation and dark energy. We assume that dark energy is a decaying vacuum coupled to matter or radiation, that the coupling function Q is positive and Universe is expanding. Then we look for the properties of this theory such as Universe starts with an inflation phase and converges to a ΛCDM model. We showed that this scenario is possible only if the fluid coupled to dark energy have a negative energy density at early time. Moreover, Universe generally starts by a finite scale factor singularity but when matter is coupled to dark energy and behaves at early time as a negative radiation density such that ρ m → −4/3ρ r < 0. Let us discuss some of these properties. This is not the first time that a finite scale factor singularity appears when trying to unite cosmological epochs. For instance, it arises when one uses scalartensor theories [39] . However, as shown in the appendix, finite scale factor singularities can be avoided if during inflation ρ m /ρ r tends to −4/3 when matter is coupled to dark energy or by allowing negative Q when radiation is coupled to dark energy, a case that we exclude in this paper where we consider Q > 0.
Let us also discuss the presence of negative energy density to trigger inflation. A first point of view about negative energy density is to consider that, because it occurs at early times, it could be explained or even cured by a quantum theory of gravity [33] . There is no real consensus about the existence of negative energy density. It is sometimes used to build traversable wormhole whereas some uncertainty-principle-type limitation about the magnitude and duration of a negative energy density has been calculated under some conditions in [34] [35] . A second point of view could be to consider that the two coupled fluids make one fluid of density ρ, hoping that it stays positive during the inflation period. Hence, let us call y i the fluid coupled to dark energy y 3 , and y j the non coupled fluid. Then the equation of state w for ρ would be w + 1 ∝ y i (y i + y 3 ) −1 . Since ρ has the sign of y i + y 3 and we have the constraint equation 1 = y i + y j + y 3 , ρ is positive at early time during inflation when y j < 1 (like in section II E when j = 1 and the integration constant β < 1). Then w < −1 since y i < 0 and ρ is positive but is a ghost dark energy. However, if y j > 1 (like in section III D when j = 2), ρ is negative but we have a quintessent dark energy with w > −1. Note that when y i = y 1 , this point of view is equivalent to realise unification of inflation, dark matter and dark energy into a single field [37] , an idea coming from the string landscape [36] . A last idea to avoid the necessity of a negative energy density to trigger inflation would be to consider that both radiation and matter are coupled with vacuum. The advantage is that the divergence of y 1 and y 2 can be avoided at early time during inflation by choosing an appropriate form for q, keeping matter and radiation densities positive and even finite. This would then also allow the domination of a vacuum energy with a constant energy density at early as well as at late time. Such a scenario is described in [30] where the vacuum energy density is modelised as a series of even power of the Hubble function. It suggests that some scalar-tensor theories can be in agreement with an accelerated expansion at early and late time [40] . Indeed, when expressed in the Einstein frame, a scalar-tensor theories is cast into General Relativity with matter and radiation coupled in the same way to the scalar field. If some accelerated expansion phases arise at both early and late time in the Einstein frame, they can be (not always) conserved by the conformal transformation in the Brans-Dicke frame. This will be the subject of future work.
Appendix A: Finite scale factor singularity when dark energy is coupled to radiation
We want to show that an inflation epoch cannot take place in N → −∞. For that, we assume the opposite and proceed in two main steps. In the first one, we assume that y 1 and ρ m /ρ r tend to some constants or diverge in N → −∞. We show that inflation occurs in N → −∞ only if then H 2 << ρ m <<| ρ r |. But considering the possible behaviours of ρ r with respect to these inequalities, we show that none of them agrees with an inflation epoch at that time. In a second step, we assume that y 1 and ρ m /ρ r do not tend to some constants or diverge in N → −∞, i.e. they are thus oscillating. Then, we show that these oscillations are not in agreement with an inflation epoch in N → −∞. Let us begin by considering that y 1 and ρ m /ρ r asymptotically diverge or tend to some constants in N → −∞.
• y 1 cannot tend to a non vanishing constant when N → −∞ because, from (5), it would follow that H 2 → ρ m and there would thus be no inflation.
• y 1 cannot tend to a vanishing constant when N → −∞. Indeed, since we assume an early time inflation epoch, we must also have y 2 < 0 (see section II C). Then it would follow from (9) that y • The two previous points imply that the only behaviour of y 1 in agreement with an inflation period in N → −∞ is y 1 → +∞ and thus ρ m >> H 2 . We then examine the possible behaviours of ρ m with respect to ρ r . (9) we deduce that y 1 ∝ e −3N +3 ǫdN > 0 and thus y 2 ∝ −3/4e −3N +3 ǫdN < 0. But introducing these quantities in (10), one shows that q < 0 that disagrees with our assumption q > 0.
-ρ m /ρ r cannot be such that ρ m / | ρ r |→ +∞.
Then y 1 >>| y 2 | and since we show above that y 1 → +∞, (11) implies that there is no inflation.
-From the two previous points, the only possibility for ρ m in N → −∞ is thus ρ m / | ρ r |→ 0 + . Summarising, an inflation period in N → −∞ implies H 2 << ρ m <<| ρ r |. In these conditions, we finally examine the possible behaviours of ρ r . * ρ r cannot be such that ρ r → 0 − since in N → −∞, ρ m <<| ρ r | and ρ m diverges. * If ρ r → 0 in N → −∞, then, from equations (3-4) we get that | ρ
Since we also have ρ m <<| ρ r |, then H 2 ≃ ρ r < 0 in N → −∞, that is impossible and also contradicts the above inequality H 2 <<| ρ r |.
Hence, the above behaviours of y 1 , ρ m /ρ r and ρ r in N → −∞ disagree with inflation at that time.
As a second step, we now consider that y 1 and ρ m /ρ r do not tend to a constant or diverge in N → −∞. These quantities are thus oscillating and such that their derivatives have an infinity of zero. Let us show that this is not compatible with inflation in N → −∞. Equation (9) indicates that this oscillating behaviour is possible for y 1 only when
• y 1 = 1/3(3 − 4y 2 ). But since y 2 → −∞ during inflation, it would mean that y 1 will diverge, contradicting the above assumption.
• y 1 = 0. But since y 1 ≥ 0, it would mean that y 1 should oscillate with an infinity of minima in y 1 = 0. However,
/H 2 and it would imply that H should be discontinuous, diverging each time y 1 = 0, that is an unphysical behaviour for H. • y 2 = q. But y 2 < 0 during an inflation period whereas we assume q > 0. This case is thus excluded by this last assumption.
• y 1 = 0. And once again, it would imply an unphysical behaviour for H that should be discontinuous.
Hence ρ m /ρ r cannot oscillate during an inflation epoch in N → −∞. It follows that the possible behaviours of y 1 , ρ m /ρ r or/and ρ r in N → −∞ disagree with an inflation epoch at that time.
in agreement with an inflation epoch in N → −∞. Let us begin by considering that y 2 and ρ r /ρ m asymptotically diverge or tend to some constants in N → −∞.
• y 2 cannot tend to a non vanishing constant when N → −∞ because, from (6), it follows that H 2 → ρ r and there is thus no inflation.
• y 2 cannot tend to a vanishing constant when N → −∞ because, since we assume an early time inflation epoch with y 1 < 0, it would mean that y ′ 2 < 0. But we cannot have y 2 → 0 with y ′ 2 < 0 in N → −∞ since then y 2 would be negative, approaching zero from below.
• It follows from the two previous points that the only behaviour of y 2 in agreement with an inflation period in N → −∞ is y 2 → +∞ and thus ρ r >> H 2 . We then examine the possible behaviour of ρ r with respect to ρ m .
-Let us assume that ρ r /ρ m → α + ǫ 0 (N ) in [46] N with also (since H tends to a constant) Q ∝ e −4N > 0 . Hence, in this special case, inflation can take place at early time in N → −∞.
-ρ r / | ρ m | cannot be such that ρ r / | ρ m |→ +∞. Then y 2 >>| y 1 | and since y 2 → +∞, (11) implies that there is no inflation.
-From the two previous points, the last possibility that we have to consider for ρ r in N → −∞ is thus ρ r / | ρ m |→ 0 + . Hence inflation could also occur in N → −∞ when H 2 << ρ r <<| ρ m |. In these conditions, the possible behaviours of ρ m are * ρ m cannot be such that ρ m → 0 in N → −∞ since we have that ρ r <<| ρ m | but ρ r diverges. * If ρ m → 0 in N → −∞, then from equations (13) and (15) • y 2 = 1/4(4 − 3y 1 ). But since y 1 → −∞ during inflation, it would mean that y 2 will diverge and will thus not stay finite when oscillating.
• y 2 = 0. Since y 2 > 0, it means that y 2 should oscillate with an infinity of minima in y 2 = 0. But it seems physically impossible since y 2 ∝ ρ r /H 2 ∝ e −4N /H 2 and H should thus be discontinuous, diverging each time y 2 = 0.
Hence y 2 cannot oscillate and stay finite during an inflation epoch in N → −∞. The derivative of ρ r /ρ m = y 2 /y 1 will have an infinity of zero if y 1 y ′ 2 − y ′ 1 y 2 = −y 2 (y 1 + q) also has an infinity of zero in N → −∞. It could be the case if
• y 1 = −q. However, in this case (16) and (17) show that y y 2 ) that makes the derivative of ρ r /ρ m vanishing during an inflation epoch, thus allowing this quantity to oscillate, should correspond to equilibrium points of type P as defined in section III B. But these kind of points do not allow an accelerated expansion. Hence, an oscillating behaviour of ρ r /ρ m in N → −∞ when y 1 = −q disagrees with inflation.
• y 2 = 0. But, as explained above, it would imply an unphysical behaviour for H that should be discontinuous.
Hence ρ r /ρ m cannot oscillate and stays finite during an inflation epoch in N → −∞.
